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Abstract: We show that Boehmians defined over open sets of R^ consti- 
tute a sheaf. In particular, it is shown that such Boehmians satisfy the gluing 
property of sheaves over topological spaces. 
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^ : 1 INTRODUCTION 

ly-^ , The name Boehmians is used to describe a space of objects that are defined as 

Tlj" ' equivalence classes of pairs of sequences (x„, ipn) where x„ £ X, some nonempty 

I — I , set, and iy9„ £ G, a commutative semigroup acting on X . If X is equipped with 

f^ ' a topology or sequential convergence, then it is usually assumed that ip„x — > x 

as ri — >■ oo. In applications to generalized functions, X is usually a space of 
functions and G is a semigroup of "test" functions acting on X by convolution. 
In the case of the basic space of Boehmians [7] , X is the space of continuous 
functions on R^ and G is the convolution semigroup of smooth functions with 
^ , compact support. These Boehmians are basically global objects. Boehmians on 

C^ ■ open subsets of M^ were introduced in [5] . The relationship between Boehmians 

on K^ and Boehmians on open subsets of M.^ is not completely understood. 
Some related questions are discussed in [8]. 

In this note we show that Boehmians on R^ constitute a sheaf, a mathemat- 
ical structure used to organize local information over open sets in a topological 
space. It is our hope that this will lead to a better understanding of the relation- 
ship between Boehmians on M.^ and Boehmians on open subsets of M.^ . The 
structure of a sheaf should enable us to use new tools to attack some unsolved 
fundamental problems concerning Boehmians in M.^ discussed in [8] . This work 
was inspired by discussions with Joseph Brennan. 
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In the next section we introduce some notation and definitions that the 
reader must be famihar with to define the Boehmians over M.^ . We continue 
with some lemmas and theorems that prove a gluing property for Boehmians 
over two open sets. In the last section we extend this gluing property to the 
gluing property of sheaves, and show that the Boehmians do in fact constitute 
a sheaf. 



2 PRELIMINARIES 

If K is a compact subset of an open set U C M^, wc write K (^ U. We denote 
by -Be (x) the ball of radius e centered at x and by B^ the ball centered at the 
origin. For U C M^, wc denote 



U+' ^U + B,= [j Be{x) and U'' = (u^ 



where A^ denotes the complement of A. 

It is possible that C/~^ is empty even if U is not empty. While this does not 
create any real problems, we will always implicitly assume that e is such that 
U^^ is not empty. 

Wc denote by "^^{U) the space of all continuous functions on some U C M.^ 
and define supp(/) = {x e M^ : f{x) ^ 0}, where S denotes the closure of the 
set S C R^ . ^(R^), or simply ^, denotes the space of test functions, that is, 
smooth functions with compact support. By ^o(R ), or simply i^o, wc mean 
the collection of all (p G ^(R^) such that ip > and J ip = I. For (p € !^ we 
define 

s{ip) = mi{e > : supp((^) C B^}. 

A sequence (pi,(p2,- ■ ■ S &o is called a delta sequence if s{(pn) ^> as n ^- oo. 
We denote the set of all delta sequences by A. 

For any A,B <Z R^ we denote d{A, B) = inf{||x -y\\ : x e A,y e B}, where 
\\x — y\\ is the Euclidean distance between x and y. 

If / is a function defined on C/ C R^, we will define ||/||y to be the essential 
supremum of / on U, or ||/|(7||oo- We will also use the L^-norm, denoted by 

II/IIi = /k«I/I- 

The convolution of / e ^(R^) with a test function (p G ^(R^) will be 
indicated hy f * (p and defined as 



(/*(/?)(a;) = / f{y)ip{x-y)dy^ f{x~y)ip{y)dy. 

In the case / is a function defined on an open subset U C R^, wc adopt the 
convention that f{s)ip{s) = whenever 'p{s) = 0, even if / is not defined at s. 
Note that, if / S '^{U) and s{(p) = e, then f * ip is defined on U~'^. 

If a sequence of functions /„ is convergent to / uniformly on a set S, wc will 
write /n =t / on S. 



Lemma 1. If K (^ R^, / G '^{K), (pE 9, and sif) < e, then 

\\f*V\\K-^<\\f\\KMl- 



^o and s{ip) < e for some e > 0. If a sequence of 
iO on K <£ R^, then f„*ip^Oon R-". 



Corollary 1. Let ip £ 

continuous functions f„ 

Theorem 1. // {(fn) G A and X]ji=i -^{fn) < oo, then the sequence 

ll^n ^ (pi * ip2 * . . . * (fin 

is convergent uniformly onR^ to a function ip £ ^ such that s{ip) < X^i^i ^i'fin)- 
The limit of the sequence tpn will be denoted by (pi * ip2 * ■ ■ ■■ 

Proof Sec [5]. □ 

If [/ C M^, X <E U, (ipn) e A, and / e ^(C/), then (/ * ^„) is a sequence 
of functions of which only a finite number of elements can be not defined on all 
of K. This situation arises often in what follows in this paper. We are going to 
ignore this fact and say, for example, the sequence of functions {f*^n) converges 
uniformly on K instead of saying something like there exists an no S N such 
that the sequence of functions (/ * </?„), for n > Uq, converges uniformly on K. 
The following lemma is an example of such a situation. 

Lemma 2. Let f/ C M" and K (^ U . If f £ '<f{U) and ((p„) e A, then 



ll/-/*'^n||j 



0. 



Proof. Let e > be such that i^+^ C U and let 77 > 0. Since K~^' is compact, / 
is uniformly continuous on K~^' and there is a (5 > such that \f{x) — f{y)\ < rj 
whenever x,y € K+^ and ||a; — y|| < 6. Without loss of generality, we can assume 
that 6 < e. Let ng be such that s{ipn) < S for all n > hq. Note that, for n > rig, 
X G K and y € ^s(¥>„) ensures that x — y € K+^ and |a; — (a; — y)\ < S. Thus, 
for n > no, we have 



\\f ~ f*Vn\\K = sup 



x£K 



sup 

xeK 



sup 

x£K 



/(^) 



/(^) 



f{x-y)(pniy)dy 



Vn{v)dy 



f{x-y)ipn{y)dy 



H-Pn) 



(fix) - fix-y))ipn{y)dy 



< sup / \f{x) - f{x-y)\\ip„{y)\dy 

x£K J 

< 'yllv'rilli = v- 



□ 



Corollary 2. Let U he an open subset ofM.-^ and let (fn) be a uniformly con- 
vergent sequence of functions on K (s= U . If (fn) G A and s{ipn) < s for all n, 
then (/„-/„* (/3„) =^ on K'" . 

Proof. If /„ =t / on A', then 

ll/n *fn- /n|lif-e < \\fn * fn ~ f * </'«IIk-. + 11/ * fn ~ /nll^-^ 

< ll(/n - /) * fn\\K-^ + 11/ * fn - /|Ik- + 11/ " .Uk^^ 

< ll/n - IWk + 11/ * ^n - f\\K~. + 11/ - fn\\K-^ ^ 0, 

by Lemma 1 and Lemma 2. D 

3 BOEHMIANS ON OPEN SETS 

In this section we describe the construction of Boehmians on open subsets of M.^ . 
They are defined as equivalence classes of fundamental sequences of continuous 
functions. 

Definition 1. Let [/ C M^ be an open set and let /„ G '^(U), for n 6 N. We 
say that the sequence (/„) is a fundamental sequence if for every K <^ U there 
is (Sn) G A such that, for every m G N, the sequence (/„ * S„i) is uniformly 
convergent on i^ as n — > cxd . The set of all fundamental sequences on U will 
be denoted by £/{U). 

If (/„), (gn) G £^{U), we write (/„) ^ {gn) when for every K (£ U there is 
(fn) G A such that, for each m, (/„ — .g„) * fm =t on A' as n — ?> cx). 

Lemma 3. ^ is an equivalence relation. 

Proof. We will show that ~ is transitive. Let (/„), (<?«), (hn) G s/{U) and 
let K (£ U. There are (fn), {ipn) G A such that {fn — gn) * fm =^ and 
{gn — hn) * 1pm. ^ On A' as TT, -^ oo for every m. Let 5n ~ fn * ipn- Then 
{6n) G A and, for any rri, 

{fn - K) * K = {fn - 9n) * fm * ^m + (,9n " Ki) * i^rn * fm ^ 

on K, by Corollary 1. Therefore, (/„) ^ {hn). D 

By the Boehmians on U we mean the equivalence classes of £/{U) with 
respect to ~. The equivalence class of (/„) G £/{U) will be denoted by [(/«)]■ 
The space of all Boehmians on U will be denoted by S§{U), that is, S§{U) = 
s^{U)l ~. 

Note that for any function / £ '^{U), the constant sequence (/) is funda- 
mental in U. As such, there is a well defined inclusion 3§{U) — ?> '^{U) where a 
continuous function / is mapped to the equivalence class [(/)] G ,9§{U). Sup- 
pose we have a Boehmian F S ^{U) and a continuous function / G "^^{U). 
If (/) ~ {fn) for every (/„) G F, then we will write that F = / on [/ or 



F £ '^{U) (though this is a shght abuse of notation). Similarly, we will write 
■^([7) C .^{U). 

While a Boehmian on a closed set is not defined, we will sometimes write 
F S '^{K) for K a compact set. In this case we mean that there is [/ D K and 
/ e "^(C/) such that F = f onU. 

Definition 2. For [(/„)], [(g„)] e .^(U) and r e M we define: 

Theorem 2. -SSiU) is a vector space over M with the addition and scalar mul- 
tiplication defined as 

[{In)] + [{9n)] = [(/„ + 9n)] and r[(/„)] - [(r/„)]. 

Proof. We show that addition and scalar multiplication of Boehmians are well 
defined. For (/„), (/;) e [(/„)] and (g„), {g'^) e [(g„)] and any K (sU.we have 
(Vn), (V'n) e A such that (/„ - /,j) *ipm ^ and (g„ - g'„) * Vm =t on 7^ 
for each m. Choosing m' large enough (equivalently, s{tpm') small enough) such 
that ((/„ + gn) — [f'n + g'n)) * {'^m * '4'm) IS defined on 7^ for every m > m', we 
construct the delta sequence {(pm'+n * '>Pm'+n) such that 

ll((./n + gn) - ifn + Qn)) * [Vrn'+k * V'm' + fe)ll/f 
= ll(/« - f'n + 9n - g'n) * {"fni'+k * V'm' + fe)!!^ 
< IK/" -/ri)*(<y5m' + fe*V'm' + fc)|lA'+ \\{gn - g'n) * (Vm'+fc * V'm' + fe) || ^ > 

which converges to zero for every k by Corollary I. Thus (/„ + gn) ~ {f'n + ffn): 
so the addition is well defined. For scalar multiplication, it is sufficient to note 

that r{fn * ipm) = {rfn * ^m)- □ 

4 A GLUING PROPERTY 

By the restriction of a Boehmian F € ^{U) to an open set V C U, wc mean 
F\v = [{fn\v)]- It is clear that this is well defined. 

In this section we show that li U,V C M^ arc open, UnV ^0, F e .^{U), 
G G S§{V), and F\unv = G\unv , then there is a Boehmian H £ SS{U\JV) 
such that H\u = F and i7|\/ = G. First we prove several technical lemmas. 

Lemma 4. Let U C M.^ be an open set, e > 0, (p £ !^o, and s{(p) < e. 

ft) If (/n) 6 ^(f/), then ifn * if) 6 .e/([/-^'). 

("iij // (/„) r^ (gn) in s^{U), then (/„ * Lp) ^ {gn * f) in ^(C/^^). 

ftn) If [(/„,)] £ .^([/), f/ien [(/,„ * ip)] £ ^([/-^). 



Proo/. Let (/„) G ^([/) and let K (e f/"^. Then K+^ ^ C/, so there exists 
((5„) G A such that (/„ * 6m) converges uniformly on K+' as n ^' oo, for every 
m G N. Since s{ip) < e, {fn * Sm * p) is well defined on K for all m,n € N. 
Moreover, by Lemma I, for every m G N the sequence {fn*5m)*ip ~ {fn*'p)*6m 
is uniformly convergent on K. Hence (/„ * p) £ jz/{U^^), so (i) is shown. 



If (/ri) ~ (ffn) in s^{U), then there is a ((5„) G A such that, for each in G N, 
{In ~ 5?i) * <5m =^ on K+^ as n — !> oo. Hence, for every m S N, (/„ * (/3 — 
(7„ * (/j) * (5m = ((/„ — g„) * (5m) * iy9 =^ on A' as n — >■ oo, again by Lemma 1. 
Consequently, (/„ ^ ip) ^ [g,-, * ^) in ^(t/""^), which shows (ii). 

Item (iii) is a direct consequence of (i) and (ii). D 

Corollary 3. Let [/ C R^ he open, F £ .^{U), e > 0, ip € &o, and s{ip) < e. 
If (fn) G F, then F * tp ~ [(/„ * ip)] is well defined as a Boehmian on U^^ . 

Lemma 5. Let U C M^. If F ^ [(/„)] G ^{U) and K (^U, then there exists 
a%l> £ &o such that F * ijj e "^(AT) and (/„ * tj)) ^ F * ij: on K . 

Proof. Let K d U . We show that there is -0 G ^o such that (/„ * iji) converges 
uniformly on K and that its limit can be identified with i^ * V on an open 
set containing K. Take an e > such that A'l = K+'^ ^ U . Since (/„) is 
fundamental, there is ((^„) G A such that, for each m G N, (/„ * </?,„) converges 
uniformly on Ki as n — ;• cxd. Without loss of generality, we can assume that 
s{(pn) < £/2 for all n. Let tJj = ipi and let g be the uniform limit of (/„ * tp) 
on Ki. By Corollary 1, for every m, (/„ * ^ — g) * ip„i ^ on AT+i. Hence, 
{fn * ip) ^ {g) on Ar+5. Consequently, F * ip — [g] as elements of ^(AT+i) and 
we have F * tp ~ g on K. D 

Lemma 6. Let U C R'^ be open, F G ^{U), e > 0, (p e %, and s{ip) < e. 
Then {F * ip)\;j-c = F\ij * (p on U~^ . 

Lemma 7. Let U C R^ be open and let F G ^{U). For every e > there is a 
(fi e % such that F*ip e ^^(C/~^). 

Proof. If U~' is bounded, then we can choose AT such that U"^ C AT <e C/ and 
then use Lemma 5. If U~^ is unbounded, then there exists a sequence of open 
sets Un such that [/^^ C IJ^j^ Un ^ U , Un ^ U for every n G N, and for each 
X G U^'^ there is an ?i G N such that B^(x) C [/„. By Lemma 5, for every 
n there is a (p„ G &0 such that s ((/?„) < 2^rFT and F * (pn G "^(C/n). Define 
(fi = (fii * ip2 * . . .. Then ip E ^o and s((p) < ^ g^^fr = §, by Theorem 1. To 
show continuity oi F * ip in U^" consider an arbitrary x G C/~^. Then x £ Un, 
for some n, and F*ipn is continuous at a;. Since 5(1^31 *. . .*ipn-i*ipn+i *• ■ •) < f , 
the convolution F * 1^9 = (F * cpn) * {(pi * ... * (pn-i * 'Pn+i * . . .) is well defined 
on Un and hence is continuous at a;. D 

Lemma 8. Let U and V be open sets in R^ with a non-empty intersection W . 
If F e ^{U), G G ^{V), and F\w = G\w , then for any e > there exists 
{Sn) G A such that the following two conditions hold for every n G N: 

(i) A * (5„ G '^{U-^) and G * Sn e '^{V-"), 

(li) A * (5„ = G * (5„ on W'^ ^ U"" n V-" . 



Proof, (i) Let e > 0. If e„ = ^, then (C/~'^") is an increasing sequence of sets 
such that UneN U^'^" = U. By Lemma 7, there exists a sequence (p„ G ^o 
such that F * ip„ G "^^{U^^") and s((/3n) < e„. Similarly, there exists a sequence 
ijjn & ^o such that G * -0„ £ '^(F"'^") and s(f/'Ti) < £«■ Let 5„ = i^„ * ?/)„. For 
each n, F * Sn — F * ifn * ^n ^s a continuous function on U~' . Similarly, G * S„ 
is a continuous function on V~' . 

(ii) Let fm~P*^ra and 5^ = G * (5™. By CoroUary 3, for any (/„) G F and 
(g„) G G, (/„ * (5™) -- {/™, /™, /™ . . .} on [/"- and (g„ * 5„^) ~ {g;!;, g;!;, 5^, . . .} 
on V~'^ . We must show then that (/„ *(S„i) ~ (ffn *<5m) on W~^ for each to. Let 
K (E iy~'^ and fix m G N. Since K+' d VF and F = G on W, there is a sequence 
(aj„) G A such that ||((/ri — gn) * ^k)\\-jpr^ -^ for each /c, as n — > 00. Note, 
{fn*5yn-gn *5yn) *^k = ((/« - fti) * (^rn) * i^fe IS defined ou K since {f„-g„)*ujk 
is defined on i4r+'^ and e > s((5i) > s{Si) for all z. So || (/„ — g„) * J^ * Wfe ||^ — ?• 
by Lemma 1. So (/;;,) - (/„ * (5^) ~ (5^ * S^) ~ (5;;). Hence (/;;) ~ {g^) for 
each 771. However, both arc constant sequences, so /j^ = g^ for every m. D 

Lemma 9. Suppose (/„) is a fundamental sequence on an open set U C K^ 
and {gn) is a sequence of continuous functions on the same set. Assume that for 
every K (^U there exists {(pn) G A such that for each to G N, {fn—gn)*^m ^ 
on K as n ^f 00. Then (gn) is fundamental on U and (gn) ^ ifn)- 

Proof. Choose K d U. As (/„) is fundamental, there exists ((5„) G A such that 
ll(/n ^ fm) * SkWii ^ fo^ all fc G N as n,m -^ 00. Since there exists (ipn) G A 
such that ||(/„ — gn) * 'PkWfc ^^ for each fc, for any k we have the following: 

II(,9n - 5rn) * Vk * 4|Ik < |[(,9n - fn) * ^fik * 4|Ia' + Wifn - fm) * ^fik * 4|li<- 

+ II (/m -9m) *^k *Sk\\j( . 



Each term of the above sum goes to zero by Lemma 1, hence (g„) is fundamental 
on U. Clearly, (5n) ~ (/«)• □ 

Lemma 10. Let U C R^ he open and let (Un) be an increasing sequence of open 
sets such that UneN Un = U and Un <e Un+i for each n G N. If F € ^{U), then 
there exists (ifn) G A such that F * tpn € '^{Un) for each 71 G N. // (.g,i) is any 
sequence of continuous extensions of {F * ipn) to U , then [gn) is fundamental 
and [{gn)] = F. 

Proof. There exists {'-Pn) G A such that F * ipn G '^{Un) for each n G N by 
Lemma 7. Let (gn) be a sequence of continuous extensions of {F * ipn) to U and 
let F = [{fn)]. li K ^ U, then there is an to G N such that K C C/,„. Note 
that gn = F * ipn on C/,n+i for every n > m. Moreover, there is ((5„) G A and 
functions h^ G 'Tf{Um) such that, for every fc, /„ * 6k ^ hk on [/,„ as n — ?► c«. 
By Lemma 5, hk = F * 5k on [/,„. Let e > be such that K^^ C Um. Now, for 



all n > 771 and all k such that s(Sk) < s we have 

\\{gn - /n) * 4|Ia' = Il5n * 4 " /n * 4|lif 

< ||i^ *Sk*(Pn~ ^fcjl/^' + ||/lA; - /« * 4|1a' 

= ll^fe * y^n - ^fellK + \\hk - !n * 4|Ik -5- 0. 



Hence, by Lemma 9, (5„) is fundamental on \J and (g„) ~ (/?i)- D 

Theorem 3. Lei [/ and V be open sets in M. with a non-empty intersection 
W. If F e S§{U), G G SS{V), and F = G on W, then there is a Boehmian 
H e .^{U U V) such that H\u = F and H\v = G. 

Proof. By Lemma 8, there exist e„ — > and ((5„) e A such that, for each n G N, 
wchaves(5„) < e„, F*5„ G '^(C/-^"+i), G*(5„ G '^(^-'^"+1), and F*(5„ = G*,5„ 
on C/~^"+i n V~^"+'^ = T4^~^"+i . Without loss of generality, we can assume that 
both (e„) and s((5„) are decreasing sequences. Define a sequence of functions 
(hn) on C/-^" U V-^" by: 

, . X f F * 4 if a; G C/-^" 
nn[^)- I ^^^^^ ifxGT/-^" 

Let (hn) be the sequence of continuous extensions of (/i„) from C/~'" U T^"*^" 
to C/ U y. First we show that (hn) is a fundamental sequence on [/ U F. Let 
K (^ UUV and let no G N be such that K d C/"'^" U V'"" for ti > tiq. Let 
Ki and ^2 be compact subsets oi U U V such that A' i <£ C/^'^" , A'2 <s V^'^" , 
and ATi U A'2 = AT. For each n > hq, let /„ be a continuous extension of 
F * 5n from U^^" to C/ and let g„ be a continuous extension of G * (5„ from 
y~'" to y. Note that, by Lemma 10, (/„) is a fundamental sequence on U and 
{gn) is fundamental sequence on V. Let 771 = (i(Ari,t/ ) and 772 = d{K2,V ). 
There exists a sequence {(pn) G A such that, for each m, {fn * ^Pm) is uniformly 
convergent on Ki + S^i as n — > 00. Similarly, there exists ('0n) G A such that, 

for each m, {gn * V'm) is uniformly convergent on A'2 + Bus. ■ Then, by Lemma 1, 
the sequences (/„ * ip^ * 4'ni) a-nd {gn * V'm * 'Pm) are uniformly convergent on A'l 
and Ar2 , respectively. Since, for sufficiently large r77,, /i„ * Lpm * V'm = fn* ^m * 4'm 
on ATi and hn * ipm, * Pm = gn *_V'm * Pm On Ar2, hn * ipm * Vrn is Uniformly 
convergent on A'. Conseqently, (/i„) is a fundamental sequence on U UV. Let 
iI=[(L)]. 

If K (E [/, then there exists 77,1 such that K C U ^" UV ^" for all n > ni. 
Then, for n > ni, /i„ = /„ on A'. By Lemma 10, [(/inj;/)] = F. Similarly, 
H\v = G. ' D 

Corollary 4. Suppose {C/i}"^]^ Z5 a finite collection of open sets in R^ anrf 
{^iJiLi ^s fl collection of Boehmians such that Fi G S§{Ui) and -Filc/inc/ = 
-fjlc/ina • If we define U = Uf^j^t/,; t/ien there is a Boehmian F G SS{U) such 
that F\ui = Fi for i = 1, . . . ,n. 



5 A SHEAF OF BOEHMIANS 

With Theorem 3 in hand, it can be shown that Bochmians arc a sheaf. In 
general, a sheaf is a way of organizing data over open sets of a topological space. 
It is a construction which has found useful applications in complex variables, 
algebraic geometry, and algebraic and differential topology [9] . To say that some 
set can be considered a sheaf over a topological space, it must first be a presheaf. 
That is to say that the set must have a well defined idea of local behavior and 
restriction. For the space of Boehmians ^(R^), it has been done in [5]. More 
explicitly: 

Theorem 4 (Presheaf). The set of Boehmians ^(R^) constitutes a presheaf 
over M.^ , that is 

(i) For each open U C R^, there exists the space of Boehmians ^{U) asso- 
ciated to U and 

(ii) For all open U,V Q R^, ifV^U, then there there exist restriction maps 
Pv,u '■ 3§{U) -5- 38{V) such that pv,v ■ SS{V) -> SS{V) is the identity map, 
and for open W CV C U, pw,v ° Pv,u = Pw,u- 

The reader familiar with category theory will notice that a presheaf is noth- 
ing more than a contravariant functor from the category of open sets over a space 
(with inclusion morphisms) to another appropriately chosen category where the 
morphisms are restriction maps. If we have the presheaf property, then we can 
say that the Bochmians are a sheaf given certain other conditions. The following 
are the conditions for being a sheaf, as explicated in [9]: 

(a) Let {Uc,} be a family of open sets in R^ and U ^ [j L/„. If F, G G .^(U) 
are such that F\u^ — G\if^ for each a, then F = G. 

(b) Let {Ua} be a family of open sets in R^ and U = [JUa- If there are 
Boehmians Fa & SS{Ua) such that Fa\uo,r\Uf, — Fp\ua.nUfi for every a,/3, 
then there exists F e 3§{U) such that F\u^ = Fa- 

We will show that Boehmians satisfy these conditions. For (a) we will use 
the following lemma. 

Lemma 11. Let {Ua} be a family of open sets in M.^ and U ~ [jUa. If 
(/n) ~ (0) on Ua for each a then (/„) ~ (0) on U. 

Proof. Let K (s U. Then there are Ua^ , ■ • ■ , Uai such that K d Ua^ U . . . U C/q.^ . 
Moreover, there are Ki, . . . ,Ki such that Kj d Ua- ioi 1 < j < i and K = 
Ki U . . . U Ki. Let e — inm{d{Kj, U^) : 1 < j < «}. By the assumption, for 
each j there exists (f-'n) G A such that s{ifi-i) < ^ for all n, and for every m. 
Win * finW A- —!• as n ^> oo. Let ^pn = (p}^ * . . . * ipl^. From [5], we have that 
(ifn) G A and s{ipn) < £ for each n. And, for every m and every Kj we have 
that ||/„ * ip,n \\k^ -^ since /„ * y'm = (/« * fL) * (v?™ • ■ • ^L^ * ^^,n^ ■ ■ ■ V™)- 
So (/„) - (0) on U. n 



Lemma 12. Let {Un} be a countable family of open sets in M.^ and let U = 
IJt^ri- If F„ £ ^(Un) and Fm\u^nu„ = Fn\u„,nu„ for every m,n E N, then 
there exists F € ^{U) such that F\u^ = F^ for all n G N. 

Proof. Define 14 = ULi ^t and Gi = Fi. By Theorem 3, for all fc > 1 there 
exist Boehmians Gk G S§{Vk) such that Gfc+ilv^t = G^. 

Let (e„) be a decreasing sequence of real numbers such that e„ — ;■ 0. By 
Lemma 7, there exists a sequence ((/?„) S A such that s{ipn) < Sn and G„ *((5n G 
'rf{V~'^" ) • Let, for each n G N, ^n be a continuous extension of G„ * (/?„ to [/. We 
claim that (<?«) is fundamental on U and [(<7n)]|c/fc = Fk for every fc. Let K ^ L'^. 
Let ni be such that iiT d Vm^"^ and let 7^2 be such that s{ipn) < d{K, {Vm^"^^ ) ) 
for all n > 77,2. If M^ = V^,ii "^ and riQ = max{ni, 712}, then by Lemma 6 and the 
construction of G„, for each n > n^ we have 

9n\w = (G„ * (^n)lH' = G„|y„^ * <p„ = G„i * (p„ 

on if. By Lemma 10, {gn\w) is fundamental on Vm, so there exists (■0„) G A 
such that ffnL,-=ii2 * "0™ converges uniformly on K for each m. Since K is an 

arbitrary compact subset of U , this shows that (5„) is fundamental on U . 

To show that [((7n)]|;7j. = Fk for every fc, we will show that for fixed fc, some 
(/„) G Fk and any K <s [/j., there is (-!/'„) G A such that {gn\uk - fn) * i^-m ^ 
for each fixed m . We choose no such that g„ = G„ * (/?„ on C/^ and that s{ipn) < 
d{K, (Uk) ) for every tt, > uq. By Lemma 6 and the fact that Gk\uk ~ Fk, we 
have (G„ * fn) L-=no = Fk* ifn on C/^, "°. Hence, for each 7^, 

gn\u-'^ = (G„ * Lpn) |[/-Er. = i^fc * (ySn 

on [/j, "° . Let, for every n, hn be a continuous extension of .gn|f/-en to L/^-. 
Again by Lemma 10, hn — Fk- Since /i„ = gn on K for n > no, for any 
(V"™) G A, (hn - gn) * V"™ =^ on K for every m. 

D 

Theorem 5. T/ie space of Boehmians over M.^ is a sheaf. 

Proof. It suffices to show properties (a) and (b). Property (a) follows from 
Lemma 11. For the second property, we assume that {Ua}aei is a open cover 
of U. Let {C/a,,} be a countable subcover of {Ua}- Then, by Lemma 12, there 
is a Boehmian F G ^{U) such that F\ij^ = F^^ for every n. We must show 
that F\u„ — Fa for every a. Let a G / and let Vn — Ua Ci Ua„. Without loss 
of generality we may assume that 1^ 7^ 0. Then Fa\v„ = -Fri|v„ for all n. Since 
F\ij^ = Fa^, we have F\v^ = Fn\v„ = Fa\v„ for all n. By (a), we conclude 
F\u7= Fa." ... ^ 

6 Fundamental and Cauchy sequences 

In this paper we have used a space of Boehmians constructed by taking equiva- 
lence classes of fundamental sequences. A similar construction is used in previ- 
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ous papers by P. Mikusiiiski which uses equivalence classes of Cauchy sequences. 
This difference has some technical consequences, but we will show that the con- 
structed spaces of Bochmians are isomorphic. 

Bochmians on open subsets of M.^ were introduced in [5] with the idea of 
A-convergence. 

Definition 3 (A-Convergence). A sequence of functions /„ £ '^{U) is A- 

convergent to / G ^{U), denoted by /„ — > /, if for each K (^ U there exists 
(Sn) G A such that (/ — /„) * (5„ =t on iC as n ^> oo. 

It is then shown that '^(t/), endowed with A-convergence, is a linear metric 
space. The space of Bochmians on U is defined as the completion of '^{U) 
with respect to A-convcrgence. We will denote this space of Bochmians by 
^o{U). The equivalence class of a Cauchy sequence (/„) wiU be denoted [(/n)]A- 
Note, if (/„) and {gn) arc such that for each K d U there is a (Sn) so that 
(/" ~ 9n) * Sn — ^ as n -^^ oo, then (/„) and (gn) are members of the same 
equivalence class in ^o{U). 

Definition 4 (A-Cauchy). For an open set [/ C M and a sequence of functions 
/„ G ^{U), we say that (/„) is A-Cauchy if for all increasing sequences of 
natural numbers (p„) and ((j„), and for every K (£ U, there exists ((/?„) £ A 
such that II (/p„ - fqj* ipn\\K -^ Cl- 
in other words, (/„) is A-Cauchy if fp^ — fq^ — ;• for all increasing se- 
quences of natural numbers (p„) and (qn)- It is clear that if a sequence of 
functions in '^^{U) is A-Cauchy then it is a member of some Boehmian in S§o{U). 
A second type of convergence considered in [5] is (^-convergence. 

Definition 5 ((5-convcrgcnce) . A sequence of functions /„ G '^{U) is (5-convergent 
to zero, denoted by /„ — > 0, if for each K (s U there exists ((5„) G A such that 
ll/n * (5m||^ ^ as n — > oo for each m G N. If (/n — /) — > 0, we write /„ — ;• /. 

Definition 6 ((5-Cauchy). A sequence of functions /„ G '^^{U) is called a A- 
Cauchy sequence if for all increasing sequences of natural numbers (p„) and (qn) 

we have /p„ - /g„ — > 0. 

Note that two fundamental sequences (/„) and (gn) are equivalent if /„ — 

g„ — > and a sequence (/„) is S-Cauchy if and only if it is a fundamental 
sequence. We see that our construction of Bochmians as £// ~ is the completion 
of the space endowed with (5-convergence. Following arc some important lemmas 
from [5] about the relationship between (^-convergence and A-convcrgencc. 

Lemma 13. /„ — > / implies fn — > f. 

Lemma 14. // /„ — > f, then there exists a subsequence {fp^) of (/„) such 
that fp^ — > f. 

First we show that there is a surjection from 3§o{U) to 3§{U). 
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Corollary 5. For every equivalence class [{fn)\s G ^{U), there is a class 
[(.9n)]A G .^o(t/) such that [(/„)]5 C [(.9„)]a- 

Proof. Consider [(/n)]i5 G 3§{U). Since every element of [{fn)]5 is a fundamental 
sequence, for any increasing sequences of natural numbers (p„) and (qn) we have 

/p„ - /rj,. — > 0. By Lemma 13, /p„ - /,„ — ^ 0. Thus, (/„) is A-Cauchy, 
and so [(/n)]A exists. Additionally, for any other (gn) € [(/n)]i57 we have that 
fn- gn — > 0, so /„ - gn — > 0. Thus, {g^} e [(/„)]a- □ 

Now we show that each class of A-sequences contains a unique class of S- 
sequences. Let {Kj) be a sequence of compact subsets of an open subset U C M^ 
such that 

(i) [JT=iK,-U, 

(ii) K, C K,+i for J e N, 

(iii) d{Kj+i,U^) < \d{Kj, U^) for j e N and 

(iv) d(Xi,[/f=)<i. 

For a continuous function / on C7, we define 

Pjif) = infill/ * cpWk^ -.^e^o and s{ip) < d(A'„ C/^)}. 

Theorem 6. Let U E R^ be an open set and let /„ G '^^{U) for n £ N. Then 
fn — > if and only if for each j £ N, Pj{fn) ^^ as n ^ oo. 

Proof. See [5]. □ 

Lemma 15. Let U C M^ 6e an open set and let {Kj) he a sequence of compact 
subset of U satisfying conditions (i)-(iv) above. If {fn) is A-Cauchy, then there 
is a subsequence c of {fn), such that for every n there are £„ > and ipn G ^o 
such that 

(2) s{ipn) < Sn, 

(3) {fp„+,-fpJ*^neni<n), 

(4) ll(/p„ + i - /pj * Vn\\K^^^ < ^■ 

Moreover, the sequence {fp^ ) is fundamental. 

Proof. Let {sj) be a sequence such that Ej < d{Kj,U ) for every j. By {Hi) 
and {iv) above, J^'^i^i < Si^i ^r < oo. Thus the sequence {ej) meets the 
first condition. Since (/„) is A-Cauchy, we have from Theorem 6 that for every 
k, Pk{fn — frn) — >■ as TO, TT, — > OO. Thus, for ei there exists pi G N such that 
for every m^n > pi, Pi(/„ — fm) < £i- This implies that there is a function 
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V5i e 9o with s((^i) < ei and ||(/„ - /,„) * (^iH^a < ei < 5 for every m, n > pi. 
As we have Pkifn — fm) — ^ for every k, we can find pfc £ N in a similar fashion 
for every k. That is, we can find a. pk > Pk-i such that there is a t/Jfe G ^o with 
s{ipk) < Sk and ||(/„ - /,„) * (pk\\Kk < £fc for every m,n> pk- By this process, 
for every n we select (/?„ such that s{(pn) < £«, meeting the second condition. 
For the third, note that for any n, /p„+i — fp„ is a continuous function defined 
on U and s{ipn) < £n < d{Kn,U ), so {fp„^i — fp„) * ^n is defined on Kn 
and is continuous. Note that Sk < ^^ and £1 < i, so £fe < ^. Thus, since 
\\ifn-fm)*Vk\\Kk < Efc for every m, n > pfc, we havc || (/p„^i -/p„ ) *(/3„ || if„ < ^ 
for each n. Note that the sequence {(fn) as defined above is a delta sequence 
since s{ipn) < Sn ^- 0- 

Now we show that the sequence (/p„) is fundamental. Let K (s U. Then 
K C iiTj for some j. Let (5„ = ipn * fn+i * • • • and, for I > n, 



V-^ 



</5n * Vn+1 * 



<(5;-l * ipi+1 * 



From [5] we know that {Sn), (ipn) G A, and s(?/;Jj) < s((5„) < 27r^T- for any / (since 
s{(pn) < -^ and s((5„) < X^i^n "^i)- We claim that for every fixed k, {fp^ * 6k) 
converges uniformly on Kj a,s n ^>- 00. As (/p^ * iS^;) is a sequence of continuous 
functions on Kj for large enough k, this is equivalent to showing that (/p^ * Sk) 
is Cauchy on Kj with respect to uniform convergence. This is done as follows, 
where wc assume, without loss of generality that j < k < m < n and k is large 
enough so that (/p„ — fp^) * 5k is defined on Kj-. 



ll(/p„-/p™)*4|| 



K, 



Ki 



\Ki 



=m+l 
n 

n 

n 

=m+l 
n 



< 



2^m+l 



< 



" 1 

/ ^ 9? — 1 



2^771+1 



D 



Corollary 6. i^or eac/i [(.g„)]A G ^oiU), there is a unique [{fn)]5 G ^{U) such 
that [{U)]s C [(g„)]A. 



13 



Proof. By Lemma 15, for every (/„) e [(5n)]A, there is a subsequence (/p„) 
such that (/p„) is fundamental. By Lemma 13, [{fp„)]s C [(g„)]A- To show 

uniqueness, suppose [ifn)]5, [(^n)]<5 ^ [{9n)]A- Then (/„ - /i„) — > and there 
are subsequences (/q„) and (/ig„) of (/„) and (gn), respectively, such that (/^^ — 

V.) — ^ 0- But then (/!,„) G [(/„)]<5- Now, since (/,„ - /„) — > and (/i,,, - 

hn) — > 0, we have (/i„) e [(/„)]5- Hence [{fn)]s = [{hn)]s- □ 

Corollaries 5 and 6 imply that there is a one-to-one correspondence be- 
tween equivalence classes of fundamental sequences and equivalence classes of 
A-Cauchy sequences. 
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